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 �m"}W�3��)h7F���6�1kY[/� Ramasy ) Silverman[1]ÆB�"}W>\/W��/�_nh+mFkYmr��Y�Cardot[2] , Cardot[3], Cai) Hall[4], Hall ) Horo-witz[5], Li ) Hsing[6], Crambers[7].T�>\4�/WZp�\D"}W>\/WZ{�vs%� Aneiros-Peŕez )
Vieu[8] ÆB�.z"}W>\/W�

Y = βββ′zzz +

∫

ζ

γ(t)X(t) dt + ε, (1.1)F�� Y ∈ R, zzz ox	 d- !Z�?��Jpbt�<�X ∈ L2(ζ), L2(ζ) "k
���& 2015 : 7 � 29 WrT�2016 : 8 � 28 WrT℄���
∗ �LNS~g=i (11271039), �[gK'lg~`HG~l=i (20131103110027) LFG0�
†�iX*�



50 � 	 y e e � 40x�#�P (Ω, ̥, P ) ℄Zy7 0, pbt�<Z�?�? (i.e. E|X(t)|2 < ∞, ∀ t ∈ ζ),

βββ o d- !Z#51}I�� γ oQ#"}J γ ∈ L2(ζ), ε "k�?/7JgÆ� zzz )
X . m�.z"}W>\/Ws{I�L�mr��Y� Aneiros-Peŕez ) Vieu[9] i�w1}&4�Zvs3-�1}z��I�w�Xm2
\�w1}z��I�w�IA+\�>� Karhunen-Loève (K-L) &{� Shin[10] 
�VJp>vsm�/W1})w1}.zkY��I�%3-1}.zZ�I�w�Xm2
\�Q#"}�I�w�V
Zs��j� Shin ) Lee[11] m.z"}W>\/WÆB���Ivs�%3-1}z�Z��I�w�Xm2
\�Q#"}Z��I��VJp>�I�Zs��jox;Z�℄x�Æ':yNa/7 ε ogÆ�z* (i.i.d.) Z�To��9hb9��ÆFo�pG��� i.i.d. Na%)=Æ�T�hK^r\���r}!Az/75.z"}W>\/WZ�I��'H,	_jBq��/7b�X=A)Z α- 8+b�f�m.z"}W>\/WZ�I+�kY�mr�,*;�?��b� {τi, i ≥ 1} o α-8+Z�8R n → ∞ f�8+1}

α(n) := sup
k≥1

sup
A∈Fk

1
,B∈F∞

n+k

| P(AB) − P(A)P(B) |M� 0, F�� Fm
n = σ(τi, n ≤ i ≤ m) "k� τn, · · · , τm b=Z σ- N}��/7f� α-8+b�f�{�_nh+mC�Z4�/WkY�mr��Y�

[12] }!� α- 8+/75Z E-V /W� [13,14] z#m� α- 8+/7Zw1}4�/W)RI.z>\/WkY�mr��x
Z2"�V5��'}!��/7f�ox	A)Z α- 8+b�f�/W (1.1) �#51}Z�I+��%mr�1}z��I�ZXm\>)Q#"}�I�Zs��j��'a5�Zw�5X�<Y5�_ 2 .zÆB�Ivs�ErZ�%f��_ 3.z�B�/8mr)w�h�z#�_ 4 )_ 5 .z}!�� �B�
�Z3-D3-
�f��UZ�����
2 ei)dx
\�Na ζ = [0, 1]. �P L2[0, 1]℄Z5�)t}z#J 〈·, ·〉 ) ‖ · ‖. �? X ZOOv7"}J CX JN
o
�� [0, 1] × [0, 1] Z�
"}�
� Mercer
� [15] �5

CX(s, t) =
∞∑

j=1

λjρj(s)ρj(t). (2.1)m�� CX ZOv7�M
� 
(TXf)(·) =

∫ 1

0

CX(·, t)f(t) dt.



1D �jx�h℄�)A'�?y-53-y yV=Z.VX�H 51j (2.1) �Z λ1, λ2, · · · ) ρ1, ρ2, · · · z#"k&"} CX ZOv7�M TX Z
/7)
/"}�%J
/"}w��
\)2^\� J%℄ZR���'Na λ1 > λ2 >

λ3 > · · · > 0. � K-L &{�5
X(t) =

∞∑

j=1

Ujρj(t), γ(t) =

∞∑

j=1

γjρj(t),F�� Uj o)A�Z�?��J EUj = 0, E[U2
j ] = λj . 
�℄x&{�/W (1.1) 6��R=

Y = βββ′zzz +

∞∑

j=1

γjUj + ε. (2.2)Na9� n T�37 {(zzz1, X1, Y1), · · · , (zzzn, Xn, Yn)}, "/W (2.2) �R=
Yi = βββ′zzzi +

∞∑

j=1

γjUij + εi, i = 1, · · · , n, (2.3)F�� Uij = 〈Xi, ρj〉, {εi, i = 1, · · · , n} X=x	A)Z α- 8+b��kx,,*��Bj (2.3) Z�mXj
Yi

.
= βββ′zzzi +

m∑

j=1

γjUij + εi, i = 1, · · · , n, m −→ ∞. (2.4)To��hK}uz0�� ρj o#5Z�,q WU�I� β̂ββ ) γ̂j , j = 1, · · · , m, }!i� ρj Z�IXj ρ̂j . Ff�,*Hj (2.1) ZpoXjBq�w�Xj 
ĈX(s, t) =

1

n

n∑

i=1

Xi(s)Xi(t) =

∞∑

j=1

λ̂j ρ̂j(s)ρ̂j(t),F�� λ̂1 ≥ λ̂2 ≥ · · · ≥ 0, (λ̂j , ρ̂j) o&"} ĈX ZpoOv7�MZ
/7)
/"}m�� YYY = (Y1, · · · , Yn)′, ZZZ = (zzz1, · · · , zzzn)′, UUUm = (〈Xi, ρ̂j〉)i=1,···,n, j=1,···,m,

γ̃̃γ̃γ = (γ1, · · · , γm)′, εεε = (ε1, · · · , εn)′. 
uj (2.4), /W (2.2) ��"k=
Yi

.
= zzz′iβββ +

m∑

j=1

γj〈Xi, ρ̂j〉 + εi, i = 1, · · · , n,�t.Xj"ko
YYY

.
= ZZZβββ + UUUmγ̃̃γ̃γ + εεε.Ho (βββ, γ̃̃γ̃γ) Z�I (β̂ββ, ̂̃γ̃γ̃γ) ���AJ1"}

(YYY −ZZZβββ −UUUmγ̃̃γ̃γ)′(YYY −ZZZβββ −UUUmγ̃̃γ̃γ):W�kx,℄�Y�Na (ZZZ ′(I − VVV m)ZZZ)−1 I��" β̂ββ ) ̂̃γ̃γ̃γ Zw�Xj 
β̂ββ = (ZZZZZZZZZ ′(I − VVV m)ZZZ)−1ZZZ ′(I − VVV m)Y,



52 � 	 y e e � 40xF�� VVV m = UUUm(UUUm
′UUUm)−1UUUm

′,

̂̃γ̃γ̃γ = (UUUm
′UUUm)−1UUUm

′(YYY −ZZZβ̂ββ).kx,� Ĉzzz = n−1
n∑

i=1

zzzizzz
′
i, ĈzzzY = n−1

n∑
i=1

zzziYi, ĈzzzX(t) = n−1
n∑

i=1

zzziXi(t), ĈXzzz(t) =

(ĈzzzX(t))′, ĈY X(t) = n−1
n∑

i=1

YiXi(t), " β̂ββ � ̂̃γ̃γ̃γ I�Y5\OXj
β̂ββ =

(
Ĉzzz −

m∑

j=1

〈ĈzzzX , ρ̂j〉〈ĈXzzz , ρ̂j〉
λ̂j

)−1(
ĈzzzY −

m∑

j=1

〈ĈzzzX , ρ̂j〉〈ĈY X , ρ̂j〉
λ̂j

)
,

γ̂j = 〈ĈY X − β̂ββ
′
ĈzzzX , ρ̂j〉/λ̂j , j = 1, · · · , m,F��

〈ĈzzzX , ρ̂j〉 = n−1
n∑

i=1

zzzi〈Xi, ρ̂j〉, 〈ĈY X , ρ̂j〉 = n−1
n∑

i=1

Yi〈Xi, ρ̂j〉.A�℄�
� γ(·) Z�I 
γ̂(·) =

m∑

j=1

γ̂j ρ̂j(·).

3 ln��Na�37 (zzz1, X1), · · · , (zzzn, Xn) o i.i.d. Z� {εi} oA)Z α- 8+b�� WU���I�ZXm\>�V^Y5Na�V�� C "k29}�F7LJ�)�℄v�})��
(A1) �?"} X Av��J&S E‖X‖4 < ∞;

(A2) I�9} C iWmU�Z j, E[U4
j ] ≤ Cλ2

j ;

(A3) I�9} C ) a > 1 iW C−1j−a ≤ λj ≤ Cj−a, λj − λj+1 ≥ Cj−a−1, j ≥ 1;

(A4) I�9} C ) b > a/2 + 1 iW |γj | ≤ Cj−b, j ≥ 1;

(A5) m�
kH} m, m ∼ n1/(a+2b), F�� an ∼ bn "kI�9} 0 < L < M < ∞ iWmU� n � L ≤ an/bn ≤ M ;

(A6) m��?I� zzz, E‖zzz‖4
Rd < ∞,F��‖zzz‖Rd = (zzz′zzz)1/2;F��m� j ≥ 1, k = 1, · · · , d,

|〈CzkX , ρj〉| ≤ cj−(a+b);

(A7) � fk =
∞∑

j=1

(〈CzkX , ρj〉/λj)ρj , ηik = zik − 〈fk, Xi〉, " η1k, · · · , ηnk o i.i.d. Z�?���&S E[η1k|X1, · · · , Xn] = 0, E[η2
1k|X1, · · · , Xn] = Bkk, Bkk ot. BBB Z_ k 	



1D �jx�h℄�)A'�?y-53-y yV=Z.VX�H 53m_��J BBB o2
.�
BBB = E[ηηη1ηηη

′
1] = Czzz −

∞∑

j=1

〈CzzzX , ρj〉〈CXzzz , ρj〉
λj

,F��ηηηi = (ηi1, · · · , ηid)
′, Czzz = Var(zzz), CzXzXzX = Cov(zzz, X) = (Cov(z1, X), · · · , Cov(zd,

X))′, CXzzz = C′
zzzX ;

(A8) �?/7&S E|εi|2+δ < ∞ (δ > 0), Eε2
i = σ2, E(εi) = 0;

(A9) I� r > 1 + 2/δ iW α(n) = O(n−r);

(A10) I�20} p := p(n) ) q := q(n) &S p + q ≤ n, p/n ≤ cq/p = o(1), F�� p )
q z#oL�)J�Z	}�,\6�� �kYw�h^�m�.z"}W>\/W� (A1)–(A7) o JZ2"�V [10,16]. �V (A8)–(A10)omAz/75>\4�/WkYmrf9UZNa�V�`r 3.1 [Na�V (A1)–(A10) =Æ�"R n → ∞ f��

n1/2(β̂ββ − βββ)
d−→ N(0, σ2B−1),F�� “

d−→” "kzz*s��`r 3.2 � (A1)–(A10) Na�V5��
‖γ̂ − γ‖2 = Op(n

−(2b+1)/(a+2b)).� 3.3 �
� 3.1, 3.2 Zf%�5��'���I�ZXm\>� [10]�mrZgÆ/7f�5.z"}W>\/W�I�ZXm\>A��CF6��Y�/7o i.i.d.Z��'Z�%f�� [10] �Zf%x;���^r(��-Zo�x
L�5��37 (zzzi, Xi), i = 1, · · · , n oA�Z�Ff β̂ββ ZXmOv7. BBB−1Σ0BBB
−1, F� Σ0 o ΣZA<Xj��� Σ Z
��
�Z3-��B���sG�U� [10] �ZNa�V��'rI�� 3.4  ����Ævs�,*^r5V#qd 
ka m. �%℄���Y�

m P7�L�/W (2.4) �Z1}	}s6`n�3'�"}WE=zz0 (FPCA) Z\>�5Q#"} γ(·) Z�I�6s6�Z,7
Y� m P7�J�3'/W (2.4) s)6,$℄�m/W (2.3), Ff�|B�V (A5) �GUZY��m�w�#qdPm,{I�xMJ"��Y�AIC, BIC,��^4o3 (GCV) ) FPCA. AIC �BIC) GCVo}uOdJ"��*6��4�/WZ8+
j)��j6PkYA-
 FPCA oHv7(�Z_jkY}!�EH m 	
/7(Qv7Z���F���om6�
Z��/8.z�,*\z#}!� GCV ) FPCA J"dP m.� 3.5 �� B̂BB = (ZZZ ′(I − VVV m)ZZZ)/n Y BBB Z�I�%J� �Zj (7.2) �3� B̂BBZA+\�To�Y�)5V {εi} Zw�Ov7f��,4�B σ2 ZA+�I�_ 5.z\m,xakY�-�



54 � 	 y e e � 40x
4 vx	o�Jd,*�� Monte Carlo/8mr��-�ÆvsZ�<q�\>�q�}u�Y5/W8b�

Yi = zi1β1 + zi2β2 +

∫ 1

0

γ(t)Xi(t) dt + εi,F��zi1 ∼ N(0, 1), P(zi2 = 0) = P(zi2 = 1) = 0.5, γ(t) =
√

2 sin(πt/2)+3
√

2 sin(3πt/2).�
X(t) =

200∑

j=1

Ujρj(t), t ∈ [0, 1],8bq�"} X , F��Uj ∼ N(0, ((j − 0.5)π)−2), ρj(t) =
√

2 sin((j − 0.5)πt). �?/7
εi ~H AR(1) /W�

εi = τεi−1 + ei,F�� τ ZP7 0.25, 0.5, 0.75, ei ∼ N(0, 1).  ��gÆ/7f�5/W�IY�`�/8�3}!� τ = 0 ZLX�m τ Z)	P7�z#}!� GCV ) FPCA J"dP m, q��LJ 100, 300, 500, 1000, Jm)	q���/8 1000 G�m��
FPCA dP m, m = min

{
k :

k∑
i=1

λ̂i

/ n∑
i=1

λ̂i ≥ 0.85
}
.�"Jj

SRAE =
1

1000

1000∑

i=1

{ 1

N

N∑

s=1

[
γ̂i(ts) − γ(ts)

]2}BOQ#"}�I�Z$2�F� ts, s = 1, . . . , N o\P�Z�Ma��d� N = 100,5_ i "k_ i GC��w�/8f�U" 1 )" 2.�" 1, " 2 �WY5f%�
1) �
 τ Zx	P7� MSE ) SRAE f�q��Z$LoSJ�Jm/8��}!Z τ Z)�P7fYF�,"-�'�ÆvsZ+�\�
2) τ 7�L"k/7b�ZA�\�I��q���
f�MSE ) SRAE � τ Z$Lo$M�
3) Rq���
� τ P 0 f�sso�/7gÆ�Ff MSE ) SRAE Z7r�AzLX5Z7J�,"-Az/7f�m�I��=x
�F�
4) m���B)�ZJ"dP m, βββ Z�IL�A7)L�-m/8��}!ZLX�s SRAE on�Y�� FPCAdP m, γ(·) Z�IL�`$�To�kx,Zmr"-�Y��v7(�Æ�� SRAE Z7s6$L��Y�R n = 100, τ = 0.25 f��v7(�H 0.85 Æ�U 0.95, " SRAE 7� 2.667, �" 1�Z7 1.700 rL�Po βββ �I�Z?7) MSE 7)��



1D �jx�h℄�)A'�?y-53-y yV=Z.VX�H 55/8mr"-�'�ÆvsZ�Y\�CF6��Y�/7b�ZOv7f�{5�,*E��MQVJp>�I�Æ��I�Z�<q�\>���,xa�:B��'Zt���F)YB2�%�Z 1 GCV I!4Y�;p�[=
n τ β1 β2 γ

Bias MSE Bias MSE SRAE

n = 100 0.00 0.005 0.103 0.000 0.144 1.588

0.25 0.005 0.105 0.001 0.170 1.700

0.50 −0.001 0.117 0.003 0.236 2.333

0.75 0.002 0.149 −0.016 0.411 4.249

n = 300 0.00 0.001 0.060 0.001 0.084 0.592

0.25 0.001 0.059 0.004 0.100 0.683

0.50 0.000 0.069 0.005 0.133 0.795

0.75 −0.002 0.089 0.008 0.240 1.303

n = 500 0.00 0.001 0.045 0.002 0.065 0.380

0.25 0.000 0.046 0.002 0.078 0.383

0.50 −0.002 0.052 −0.003 0.107 0.483

0.75 −0.003 0.070 0.003 0.188 0.810

n = 1000 0.00 0.000 0.032 0.000 0.046 0.188

0.25 −0.001 0.034 0.003 0.053 0.202

0.50 −0.001 0.036 0.000 0.073 0.233

0.75 0.000 0.046 0.001 0.136 0.381Z 2 FPCA I!4Y�;p�[=
n τ β1 β2 γ

Bias MSE Bias MSE SRAE

n = 100 0.00 −0.003 0.103 0.001 0.149 0.768

0.25 0.004 0.107 0.001 0.171 0.945

0.50 −0.002 0.117 0.004 0.236 0.840

0.75 0.001 0.148 −0.017 0.411 1.200

n = 300 0.00 0.000 0.058 0.003 0.084 0.145

0.25 0.001 0.062 0.002 0.098 0.153

0.50 −0.003 0.068 0.005 0.131 0.169

0.75 0.002 0.084 0.003 0.257 0.248

n = 500 0.00 0.001 0.048 0.000 0.066 0.079

0.25 0.000 0.046 0.002 0.078 0.081

0.50 −0.002 0.052 −0.003 0.107 0.096

0.75 −0.003 0.070 0.003 0.188 0.151

n = 1000 0.00 −0.000 0.033 0.002 0.045 0.039

0.25 0.000 0.033 0.000 0.054 0.043

0.50 −0.001 0.037 0.005 0.073 0.046

0.75 −0.002 0.047 −0.001 0.135 0.073
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5 ysb�9sBU 1972 ; 1 �U 2005 ; 1 � (397 	�) Z\v��b�}u (C) ));ZAy�vO� (P). �JdZEr1Zo
��'�Ævsm�}uBkYz0�mrAz/7f�m β̂ββ Xmv7Z�F�

2 4 6 8 10 12 14

−0
.4

−0
.2

0.0
0.2

Lag

Pa
rtia

l A
CF

Series  error

~ 1 .6a�Y>��!{u6m��b�}uBo|oA)b�kYQo�q9�}uBI��v7\D>\Mn��}�m}ukYz0HkYm}7z�w�WsY5�
Dj = lnCj − lnCj−1, j = 1, · · · , 397,

Xi =
{
D12(i−1)+t, t ∈ [1, 12]

}
, i = 1, · · · , 32.F���

Yi = D12i+6, i = 1, · · · , 32,/W�Zh7��
� 
zi = Pi, i = 1, · · · , 32.

Y m Z ) X Y4��W27b� {ε̂i, i = 1, · · · , n}, q9/7b�%)o i.i.d. Z�a5���/7b�Zw�A�f��u6
� R 	+Z?bÆ “adf.test()” mb�ZA)\kYQo� p 7o 0.19, sso�/7b�oA)b��aKI���b�ZOA�"})?A�"}�Y� 1 �k�/7b�ZAzf��"k=�
ε̂i = α1ε̂i−2 + α2ε̂i−3 + ei, ei ∼ N(0, δ2), i = 4, · · · , 32. (5.1)��B α1, α2 Z�I/�� Ljung-Box Qo�I�m {ei, i = 1, · · · , n} kYgÆ\Qo� p 7o 0.46, "-b� ei ogÆZ�>�/W (5.1), I��W

Var(ε̂i) = 2.30, sd (β̂) = 0.15.



1D �jx�h℄�)A'�?y-53-y yV=Z.VX�H 57Y�0$�b� {ε̂i, i = 1, · · · , n} PZAz\���W
sd(β̂) = 0.18,�AzLXA��1� 20%, Pa�-�}!Azf�Z�r\�V/^r(��-Zo��m�}uBz0f�/� FPCA J"dP m, v7(�P 0.85.� 5.1 Y�D��}uB�3#��b�;+o>�/W (1.1) �B β Z<UNP�3'�d1 ZCr\7o~U���^r�-Zo�,*� 6 �{Z�b�Y F�����q℄�s�}i�F��{Z�b�Y F����

6 �m�{um�.z"}W>\/W�[/7b�oA)Z α- 8+b���'ÆBA�Z�Ivs�2Y_ 5 .z�k�Y�5V/7b�Zw�Azf��3'>��Ævs�kYoRZ�I�k���A)Z α- 8+b�Æ�xL�Azf���}�'vsw�`LZh�O7�_ 4 .z�,*� GCV ) FPCA J"dP m, %J�)BJ"5�B� SRAE Z7��/8mr��,*�q}!�� AIC ) BIC J"dP m, T�=}�<�(��Bw�f����/8mrq9�)%�2	J"dPm, Rq��p�f�m βββ Z
MSE 7�F)L������I�q9��dP m f� GCV ) AIC J"���JdPZ m 7�� FPCA ) BIC J"dPZ m 7&dL�Rq��`Jf� �3/WZ8+
j�KI�i� GCV ; AIC J"�PFfsrG��8+ZLX�Y��
FPCA d m, 2Y,*��gUZ���#qWU�/W8+
j)Q#"}�I�oj6PZA-�1H 93)I��%mr�HorG�v7(�Za
+��
7 dta {Vi, i ≥ 1} ox	A)Z α- 8+�?��b��8+1}J {α(n)}.Ær 7.1[17] a V1, · · · , Vn ox	 α-8+�?���A�Z σ-N}J F

j1
i1

, · · · , Fjm

im
,J 1 ≤ i1 < j1 < · · · < jm ≤ n, mU�Z l, j = 1, 2, · · · , m, il+1 − jl ≥ ω ≥ 1, |Vj | ≤ 1, �

∣∣∣E
( m∏

j=1

Vj

)
−

m∏

j=1

EVj

∣∣∣ ≤ 16(m − 1)α(ω),F�� Fb
a = σ{Vi, a ≤ i ≤ b}, α(n) o8+1}�Ær 7.2 [18,�% A.2, 278t])Na�?�� X ) Y &S E|X |p < ∞, E|Y |q < ∞,F�� p, q > 1, p−1 + q−1 < 1, "

|EXY − EXEY | ≤ 8‖X‖p‖Y ‖q

{
sup

A∈σ(X),B∈σ(Y )

|P(AB) − P(A)P(B)|
}1−p−1−q−1

.
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� 4.1]) a 2 < p < q ≤ ∞, 2 < k ≤ q, EVn = 0. NaI� C > 0,

r > 0 iW α(n) ≤ Cn−r =Æ�Y� r > k/(k − 2), r ≥ (p − 1)q/(q − p), 3'm ε > 0,I� Q = Q(ε, p, q, k, r, C) < ∞, iW
E|

n∑

i=1

Vi|p ≤ Q
(
np/2 max

1≤i≤n
‖Vi‖p

k + n1+ε max
1≤i≤n

‖Vi‖p
q

)
.Ær 7.4 Na (A1), (A8) =Æ�3'

∥∥∥n−1
n∑

i=1

Xiεi

∥∥∥ = Op(n
−1/2).! G�U

E
∥∥∥n−1

n∑

i=1

Xiεi

∥∥∥
2

=n−2E
〈 n∑

i=1

Xiεi,

n∑

j=1

Xjεj

〉
= n−2

n∑

i=1

n∑

j=1

E〈Xi, Xj〉E(εiεj)

=n−2
n∑

i=1

E‖X‖2Eε2
i = n−2E‖X‖2

n∑

i=1

Eε2
i

≤cn−1E‖X‖2 = O(n−1).�}�� ‖n−1
n∑

i=1

Xiεi‖ = Op(n
−1/2). 3���� 3.1 �!� �

Φ̂k(f) =

m∑

j=1

(〈ĈzkX , ρ̂j〉/λ̂j)〈ρ̂j , f〉,

Φk(f) =

∞∑

j=1

(〈CzkX , ρj〉/λj)〈ρj , f〉,F�� f ∈ L2[0, 1]. m A = (Aij) ∈ Rd×d, a ‖A‖∞ = max
i

∑
j

|Aij |. G�U
n1/2(β̂ββ − βββ) =B̂BB

−1
n1/2

{ 1

n

n∑

i=1

(
zzzi −

m∑

j=1

〈ĈzzzX , ρ̂j〉〈Xi, ρ̂j〉
λ̂j

)
(〈γ, Xi〉 + εi)

}

=B̂BB
−1

n−1/2
{ n∑

i=1

(
zzzi −

m∑

j=1

〈ĈzzzX , ρ̂j〉〈Xi, ρ̂j〉
λ̂j

)
〈γ, Xi〉

+

n∑

i=1

( ∞∑

j=1

〈CzzzX , ρj〉〈Xi, ρj〉
λj

−
m∑

j=1

〈ĈzzzX , ρ̂j〉〈Xi, ρ̂j〉
λ̂j

)
εi

+

n∑

i=1

(
zzzi −

∞∑

j=1

〈CzzzX , ρj〉〈Xi, ρj〉
λj

)
εi

}
,F�� B̂BB = Ĉzzz − {Φ̂k(ĈzlX)}k,l=1,···,d = (ZZZ′(I − VVV m)ZZZ)/n.
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u�� 7.4, ��� [10] �Z3-�W
‖B̂BB −BBB‖∞ = Op(n

−(2b−1)/(a+2b)), (7.1)

n−1/2
n∑

i=1

(
zzzi −

m∑

j=1

〈ĈzzzX , ρ̂j〉〈Xi, ρ̂j〉
λ̂j

)
〈γ, Xi〉 = op(1), (7.2)

n−1/2
n∑

i=1

( ∞∑

j=1

〈CzzzX , ρj〉〈Xi, ρj〉
λj

−
m∑

j=1

〈ĈzzzX , ρ̂j〉〈Xi, ρ̂j〉
λ̂j

)
εi = op(1). (7.3)a5�}!H

n−1/2
n∑

i=1

(
zzzi −

∞∑

j=1

〈CzzzX , ρj〉〈Xi, ρj〉
λj

)
εi.�

Σ = Var

(
n−1/2

n∑

i=1

(
zzzi −

∞∑

j=1

〈CzzzX , ρj〉 〈Xi, ρj〉
λj

)
εi

)
.\3-Y5f%

n−1/2Σ−1/2
n∑

i=1

(
zzzi −

∞∑

j=1

〈CzzzX , ρj〉〈Xi, ρj〉
λj

)
εi

d−→ N(0, 1),sso��
n−1/2Σ−1/2

n∑

i=1

ηηηiεi
d−→ N(0, 1), (7.4)F�� “1” "kO$.�a w := wn = [ n

p+q ]. ,*i� Bernstein L�)J�Fw [12] 3-j (7.4), F�� p) q z#"kL�)J�Z	}�J VVV i = ηηηiεi/
√

n, AAAi = ηηηiεi,

VVV mn =

km+p−1∑

k=km

VVV k, VVV ′
mn =

lm+q−1∑

l=lm

VVV l, VVV ′′
wn =

n∑

k=w(p+q)+1

VVV k,F�� km = (m − 1)(p + q) + 1, lm = (m − 1)(p + q) + p + 1, m = 1, · · · , w, "�
n∑

i=1

VVV i =

w∑

m=1

km+p−1∑

k=km

VVV k +

w∑

m=1

lm+q−1∑

l=lm

VVV l +

n∑

k=w(p+q)+1

VVV k

=
w∑

m=1

VVV mn +
w∑

m=1

VVV ′
mn + VVV ′′

wn

:=S′
n + S′′

n + S′′′
n .m�j (7.4) Z3-�:^r3

E‖S′′
n‖2 −→ 0, E‖S′′′

n ‖2 −→ 0, (7.5)
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Var(S′

n) = Σ + o(1), (7.6)
∥∥∥Eexp

(
it

w∑

m=1

VVV mn

)
−

w∏

m=1

Eexp(itVVV mn)
∥∥∥ −→ 0, (7.7)

E

w∑

m=1

‖VVV mn‖2I(‖VVV mn‖>ε) −→ 0. (7.8)u63-j (7.5). G�U
E‖S′′

n‖2 =

w∑

m=1

lm+q−1∑

l=lm

E‖VVV l‖2 + 2

w∑

m=1

∑

lm≤i<j≤lm+q−1

Cov(VVV i, VVV j)

+ 2
∑

1≤i<j≤w

Cov(VVV ′
in, VVV ′

jn)

:=J1n + J2n + J3n.� (A8)–(A10) D�� 7.2, �3W J1n = o(1), J2n = o(1), J3n = o(1). Hoj (7.5) �Z_x	jM=Æ�w��S�?Y5�
J1n =n−1

w∑

m=1

lm+q−1∑

l=lm

E‖ηηηlεl‖2 ≤ n−1
w∑

m=1

lm+q−1∑

l=lm

E‖ηηηl‖2Eε2
l

≤cn−1σ2wq ≤ c
q

p
= o(1),

‖J2n‖ ≤n−1
w∑

m=1

∑

lm≤i<j≤lm+q−1

||Cov(AAAi,AAAj)||

≤n−1
w∑

m=1

∑

lm≤i<j≤lm+q−1

α
δ

2+δ (j − i)

≤cn−1wq

∞∑

t=1

α
δ

2+δ (t) ≤ cn−1wq = o(1),

‖J3n‖ ≤n−1
∑

1≤i<j≤w

li+q−1∑

l=li

lj+q−1∑

k=lj

‖Cov(AAAl,AAAk)‖

≤cn−1w

li+q−1∑

l=li

lj+q−1∑

k=lj

‖Cov(AAAl,AAAk)‖

≤cn−1wq

∞∑

t=p

α
δ

2+δ (t) = o(1).9�3j (7.5) �Z_p	jM�
E‖S′′′

n ‖2 =

n∑

k=w(p+q)+1

E‖VVV k‖2 + 2
∑

w(p+q)+1≤i<j≤n

||Cov(VVV i, VVV j)||.
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n ‖2 "Jj�Z_xH�� E‖AAAi‖2 = E‖ηηηiεi‖2 ≤ E‖ηηη1‖2σ2 < ∞ 5

n∑

k=w(p+q)+1

E||VVV k||2 ≤ [n − w(p + q)]

n
E‖AAAk‖2 ≤ c

[n − w(p + q)]

n
σ2 ≤ c

p

n
= o(1).m E‖S′′′

n ‖2 "Jj�Z_ 2 H�
∥∥∥

∑

w(p+q)+1≤i<j≤n

Cov(VVV i, VVV j)
∥∥∥

≤ 1

n

∑

w(p+q)+1≤i<j≤n

‖Cov(AAAi,AAAj)‖ ≤ c
[n − w(p + q)]

n

∞∑

t=1

α
δ

2+δ (t)

≤c
p

n
= o(1)=Æ��}� E(S′′′
n )2 → 0.9�3j (7.6). ��\ S′

n �ZH"kB��5�
Var(S′

n) =

w∑

m=1

Var(VVV mn) + 2
∑

1≤i<j≤w

Cov(VVV in, VVV jn)

=

w∑

m=1

km+p−1∑

i=km

Var(VVV i) + 2

w∑

m=1

∑

km≤i<j≤km+p−1

Cov(VVV i, VVV j)

+ 2
∑

1≤i<j≤w

ki+p−1∑

i=ki

kj+p−1∑

j=kj

Cov(VVV i, VVV j)

=
n∑

i=1

Var(VVV i) −
w∑

m=1

lm+q−1∑

j=lm

Var(VVV j) −
n∑

k=w(p+q)+1

Var(VVV k)

+ 2

w∑

m=1

∑

km≤i<j≤km+p−1

Cov(VVV i, VVV j)

+ 2
∑

1≤i<j≤w

ki+p−1∑

i=ki

kj+p−1∑

j=kj

Cov(VVV i, VVV j). (7.9)mj (7.9) �Z
HkYz0W�
Var(S′

n) = Var
( n∑

i=1

VVV i

)
+ o(1).w�z0�?Y5�

∑

1≤i<j≤w

ki+p−1∑

i=ki

kj+p−1∑

j=kj

‖Cov(VVV i, VVV j)‖

=n−1
∑

1≤i<j≤w

ki+p−1∑

i=ki

kj+p−1∑

j=kj

‖Cov(AAAi,AAAj)‖
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≤cn−1w

ki+p−1∑

i=ki

kj+p−1∑

j=kj

α
δ

2+δ (j − i) ≤ cn−1wp

∞∑

t=q

α
δ

2+δ (t)

≤cn−1wpq1− δγ
2+δ ≤ cq1− δγ

2+δ = o(1), (7.10)

w∑

m=1

lm+q−1∑

j=lm

Var(VVV j) ≤ n−1
w∑

m=1

lm+q−1∑

j=lm

E‖AAAi‖2 ≤ cn−1wqσ2 = o(1),

(7.11)
n∑

i=w(p+q)+1

Var(VVV i) = n−1
n∑

i=w(p+q)+1

Var(AAAi) ≤ cn−1p = o(1). (7.12)G�U
∑

1≤i<j≤n

Cov(VVV i, VVV j) =
w∑

m=1

km+p−1∑

i=km

∑

i<j≤n

Cov(VVV i, VVV j) +
w∑

m=1

lm+q−1∑

i=lm

∑

i<j≤n

Cov(VVV i, VVV j)

+

n∑

k=w(p+q)+1

∑

k<j≤n

Cov(VVV k, VVV j)

:=R1 + R2 + R3. (7.13)�3W
R1 =

w∑

m=1

∑

km≤i<j≤km+p−1

Cov(VVV i, VVV j) + o(1), R2 = o(1), R3 = o(1).u6�}!H R1.

R1 =
w∑

m=1

km+p−1∑

i=km

∑

i<j≤km+p−1

Cov(VVV i, VVV j) +
w∑

m=1

km+p−1∑

i=km

w∑

s=m

ls+q−1∑

j=ls

Cov(VVV i, VVV j)

+
w∑

m=1

km+p−1∑

i=km

n∑

j=w(p+q)+1

Cov(VVV i, VVV j)

:=R11 + R12 + R13.m� R12, R13, �
||R12|| ≤n−1

n∑

i=1

w∑

m=1

lm+q−1∑

j=lm

||Cov(AAAi,AAAj)||

≤cn−1wq
∞∑

t=1

α
δ

2+δ (t) ≤ c
q

p
= o(1),

||R13|| =n−1
w∑

m=1

km+p−1∑

i=km

n∑

j=w(p+q)+1

||Cov(AAAi,AAAj)||

≤n−1
w∑

m=1

km+p−1∑

i=km

∞∑

j−i=q

α
δ

2+δ (j − i)
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≤n−1wp
∞∑

t=q

α
δ

2+δ (t) −→ 0, n −→ ∞.�}�
R1 =

w∑

m=1

∑

km≤i<j≤km+p−1

Cov(VVV i, VVV j) + o(1). (7.14)��� R13,

R2 =n−1
w∑

m=1

lm+q−1∑

j=lm

∑

j<l≤n

Cov(AAAj ,AAAl)

≤n−1
n∑

l=1

w∑

m=1

lm+q−1∑

j=lm

Cov(AAAj ,AAAl)

=o(1) (7.15)D
R3 =n−1

n∑

k=w(p+q)+1

n∑

j=k+1

Cov(AAAk,AAAj)

≤cn−1[n − w(p + q)]

∞∑

j−k=1

α
δ

2+δ (j − k)

≤cn−1p
∞∑

t=1

α
δ

2+δ (t) ≤ cn−1p → 0, n −→ ∞. (7.16)�j (7.10)–(7.16)NZj (7.9) ��
Var(S′

n) =
n∑

i=1

Var(VVV i) + 2
∑

1≤i<j≤n

Cov(VVV i, VVV j) + o(1)

=Var
( n∑

i=1

VVV i

)
+ o(1) = Σ + o(1),�j (7.6) =Æ���� 7.1 5�

∥∥∥Eexp
(
it

w∑

m=1

VVV mn) −
w∏

m=1

Eexp(itVVV mn

)∥∥∥ ≤ 16wα(q + 1) ≤ c
nα(q)

p
= o(1).�j (7.7) =Æ�V/3-j (7.8) =Æ�Nam ε > 0, � λ > 2ε > 0. 
u�� 7.3 �5

w∑

m=1

E‖VVV mn‖2I(‖VVV mn‖ > ε)
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≤n−2−λ

w∑

m=1

E
∥∥∥

km+p−1∑

k=km

AAAk

∥∥∥
2+λ

≤n−2−λw
(
p1+λ/2 max

1≤i≤n
‖AAAi‖2+λ

2+δ + p1+ε max
1≤i≤n

‖AAAi‖2+λ
2+δ

)

≤cn−2−λwp1+λ/2 ≤ cn−1−λwpλ/2 −→ 0, n −→ ∞.P℄�5j (7.4) =Æ��xv+�G�U
Σ = Var

( 1

n1/2

n∑

i=1

ηηηiεi

)
=

1

n

n∑

i=1

n∑

j=1

Cov(ηηηiεi, ηηηjεj) =
BBB

n

n∑

i=1

E(εiεi) = BBBσ2. (7.17)�j (7.17) Dj (7.1)–(7.4) 5
� 3.1 Zf%=Æ��� 3.2 �!� >��� 7.4, F
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Abstract In this paper, we study the estimation of partial functional linear regression

models with stationary α-mixing random error sequence. With approximating to the slope

function by the Karhunen-Loève expansion, we propose an estimation method for the un-

known parameters and the slope function. The asymptotic normality of the proposed pa-

rameter estimators and the convergence rate of the slope function estimator are established.

Intensive simulation experiments and real data analysis are conducted to show that the
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